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Critical Thinking About Roman Numerals ; Numbers in Different Bases
	A (Mostly) Additive Number System: Roman Numerals
Goal: Be : Be able to use a set of rules (about Roman numerals) to explain why something is or isn't 'legal'

	Roman System:
Hindu-Arabic Numeral:

Roman Numeral:

Can be repeated:

Can be subtracted from another number:
Can be subtracted from:
1

I

Up to 3 times

Yes

V, X
5

V

ONLY ONCE

No

10

X

Up to 3 times

Yes
L, C
50

L

ONLY ONCE
No
100

C

Up to 3 times

Yes
D, M
500

D

ONLY ONCE
No

1,000

M

Up to 3 times

No

Romans used certain numerals to represent numbers, which are listed in the table above. The Roman number system is mostly additive: The number MLX means 1,000 + 50 + 10, or 1,510
However, there's a couple of details to keep in mind:

1) As listed in the above table, you're not allowed to repeat any numeral more than 3 times.  Some numerals you're not allowed to repeat at all (the ones listed above as "ONLY ONCE")


2) Roman numerals that are meant to be added together are always written with the largest numeral on the far left: MLX shouldn't be written XLM, or even LXM.  


3) If a smaller number does occur to the left of a larger number, then you should subtract that smaller number from the larger one.  So if you wrote XL, it would mean (50-10) = 40

If the 'out of order' numerals are part of a larger number, than that result is added to the overall number:

MXL is 1,000 + (50-10) = 1,000 + 40 = 1,040


a. You're not allowed to subtract a smaller number from a larger, if the larger is more than two rows below the smaller number.  I.e., you can say IV, or IX, but not IL


4) Use as few numerals as possible to create your number
So given a choice of writing IXI, or just X, you should write X


	For the following problems, you will be given a number, written using Roman numerals, and asked to explain why the number is or isn't a valid Roman numeral.  

Make sure to cite specific rules listed in the section above.  

If the numeral IS valid, then translate it into our normal, Hindu-Arabic numbers (i.e., translate XXXII into "32", etc)
· Examples of insufficient explanations: 

· "It doesn't look right" 

· "It would be better to write it like this: X"

· "This doesn't make sense"

· Examples of good explanations: 

· "It's illegal because you're not allowed to have more than one "V" in the numeral"

· "It's illegal because you're not allowed to have more than three "C"s in the numeral"

· "VC is illegal because you're not allowed to subtract "V" from the letter next to it, AND you're not allowed to put a smaller numeral to the left of a larger numeral (unless you're subtracting the smaller from the larger, which I just explained that you can't do)."



	Repeats: Part I

	1)  Given the following number, written using Roman numerals, explain why this is or isn't a valid Roman numeral.  Make sure to cite specific rules listed in the section above.  If the numeral IS valid, then translate it into our normal, Hindu-Arabic numbers (like "32", etc)

VV

In addition to explaining why this numeral isn't legal, can you explain why you would never need to write a number like this?



	2)    Given the following number, written using Roman numerals, explain why this is or isn't a valid Roman numeral.  Make sure to cite specific rules listed in the section above.  If the numeral IS valid, then translate it into our normal, Hindu-Arabic numbers (like "32", etc)

LL
In addition to explaining why this numeral isn't legal, can you explain why you would never need to write a number like this?



	3)    Given the following number, written using Roman numerals, explain why this is or isn't a valid Roman numeral.  Make sure to cite specific rules listed in the section above.  If the numeral IS valid, then translate it into our normal, Hindu-Arabic numbers (like "32", etc)

DD
In addition to explaining why this numeral isn't legal, can you explain why you would never need to write a number like this?



	4)  Let's say that someone asks you to explain which numerals you CAN'T repeat - briefly summarize an easy-to-remember pattern, assuming that your audience knows what the Roman numerals stand for (i.e., they know that "X" is ten, "V" is five, etc, etc).



	Subtraction: Part I

	5)    Given the following number, written using Roman numerals, explain why this is or isn't a valid Roman numeral.  Make sure to cite specific rules listed in the section above.  If the numeral IS valid, then translate it into our normal, Hindu-Arabic numbers (like "32", etc):

VX


	6)    Given the following number, written using Roman numerals, explain why this is or isn't a valid Roman numeral.  Make sure to cite specific rules listed in the section above.  If the numeral IS valid, then translate it into our normal, Hindu-Arabic numbers (like "32", etc):

LC


	7)    Given the following number, written using Roman numerals, explain why this is or isn't a valid Roman numeral.  Make sure to cite specific rules listed in the section above.  If the numeral IS valid, then translate it into our normal, Hindu-Arabic numbers (like "32", etc):

CD


	8)    Given the following number, written using Roman numerals, explain why this is or isn't a valid Roman numeral.  Make sure to cite specific rules listed in the section above.  If the numeral IS valid, then translate it into our normal, Hindu-Arabic numbers (like "32", etc):

DM


	9)    Given the following number, written using Roman numerals, explain why this is or isn't a valid Roman numeral.  Make sure to cite specific rules listed in the section above.  If the numeral IS valid, then translate it into our normal, Hindu-Arabic numbers (like "32", etc):

VL


	10)    Let's say that someone asks you to explain which numerals that you're NEVER allowed to subtract from another number - briefly summarize an easy-to-remember pattern, assuming that your audience knows what the Roman numerals stand for (i.e., they know that "X" is ten, "V" is five, etc, etc).



	Subtraction: Part II

	11)    Given the following number, written using Roman numerals, explain why this is or isn't a valid Roman numeral.  Make sure to cite specific rules listed in the section above.  If the numeral IS valid, then translate it into our normal, Hindu-Arabic numbers (like "32", etc):

IX


	12)  Given the following number, written using Roman numerals, explain why this is or isn't a valid Roman numeral.  Make sure to cite specific rules listed in the section above.  If the numeral IS valid, then translate it into our normal, Hindu-Arabic numbers (like "32", etc):

IV



	13)  Given the following number, written using Roman numerals, explain why this is or isn't a valid Roman numeral.  Make sure to cite specific rules listed in the section above.  If the numeral IS valid, then translate it into our normal, Hindu-Arabic numbers (like "32", etc):
IL


	14) 
Given the following number, written using Roman numerals, explain why this is or isn't a valid Roman numeral.  Make sure to cite specific rules listed in the section above.  If the numeral IS valid, then translate it into our normal, Hindu-Arabic numbers (like "32", etc):
XL



	15)  Given the following number, written using Roman numerals, explain why this is or isn't a valid Roman numeral.  Make sure to cite specific rules listed in the section above.  If the numeral IS valid, then translate it into our normal, Hindu-Arabic numbers (like "32", etc):
XC


	16)  Given the following number, written using Roman numerals, explain why this is or isn't a valid Roman numeral.  Make sure to cite specific rules listed in the section above.  If the numeral IS valid, then translate it into our normal, Hindu-Arabic numbers (like "32", etc):
XD


	17)  Given the following number, written using Roman numerals, explain why this is or isn't a valid Roman numeral.  Make sure to cite specific rules listed in the section above.  If the numeral IS valid, then translate it into our normal, Hindu-Arabic numbers (like "32", etc):
LM



	18)  
Let's say that someone asks you to explain which numerals you CAN'T subtract from other numerals, and that they already know about the "V-L-D-M rule" - briefly summarize an easy-to-remember pattern, that explains why you can write IX, but not IL.

You may assume that your audience knows what the Roman numerals stand for (i.e., they know that "X" is ten, "V" is five, etc, etc).



	Repeats: Part II

	19)  Given the following number, written using Roman numerals, explain why this is or isn't a valid Roman numeral.  Make sure to cite specific rules listed in the section above.  If the numeral IS valid, then translate it into our normal, Hindu-Arabic numbers (like "32", etc):
IX



	20)  Given the following number, written using Roman numerals, explain why this is or isn't a valid Roman numeral.  Make sure to cite specific rules listed in the section above.  If the numeral IS valid, then translate it into our normal, Hindu-Arabic numbers (like "32", etc):

IIX



	21)  Given the following number, written using Roman numerals, explain why this is or isn't a valid Roman numeral.  Make sure to cite specific rules listed in the section above.  If the numeral IS valid, then translate it into our normal, Hindu-Arabic numbers (like "32", etc):

VIII



	22)  Given the following number, written using Roman numerals, explain why this is or isn't a valid Roman numeral.  Make sure to cite specific rules listed in the section above.  If the numeral IS valid, then translate it into our normal, Hindu-Arabic numbers (like "32", etc):

VIIII



	23)  Given the following number, written using Roman numerals, explain why this is or isn't a valid Roman numeral.  Make sure to cite specific rules listed in the section above.  If the numeral IS valid, then translate it into our normal, Hindu-Arabic numbers (like "32", etc):

VVII



	24)  Given the following number, written using Roman numerals, explain why this is or isn't a valid Roman numeral.  Make sure to cite specific rules listed in the section above.  If the numeral IS valid, then translate it into our normal, Hindu-Arabic numbers (like "32", etc):

CCC



	25)  Given the following number, written using Roman numerals, explain why this is or isn't a valid Roman numeral.  Make sure to cite specific rules listed in the section above.  If the numeral IS valid, then translate it into our normal, Hindu-Arabic numbers (like "32", etc):

CCCC



	26)  Given the following number, written using Roman numerals, explain why this is or isn't a valid Roman numeral.  Make sure to cite specific rules listed in the section above.  If the numeral IS valid, then translate it into our normal, Hindu-Arabic numbers (like "32", etc):

CD



	27)  Let's say that someone asks you to explain a rule which explains when you can repeat letters- briefly summarize an easy-to-remember pattern, that explains why you can write CD, but not CCCC.

You may assume that your audience knows what the Roman numerals stand for (i.e., they know that "X" is ten, "V" is five, etc, etc).




	Place-Value System: Babylonian Number System
Goal: Be : Be able to write numbers in 'expanded form', to demonstrate the value of each position ; be able to translate Babylonian numbers (in base 60) into our familiar Hindu-Arabic number system.

	
In our familiar Hindu-Arabic number system, we only have ten numerals: 0, 1, 2, 3, 4, 5, 6, 7, 8, 9.  We build up larger, more complex numbers by saying that the numeral translates into different numbers based on the numeral's place within the number.  

In the last worksheet, you took our standard Hindu-Arabic numbers, and expanded them out, in order to make it clear how each number's position affected the number.  We're going to do the same thing here, except that we're going to be using Babylonian numbers, instead.  


We'll use the Babylonian number system (as opposed to the Mayan number system) since it's more consistent than the Mayan system, and will lead into the topic of numbers in any base much easier.

Babylonian numbers are composed of a collection of digits, just like our numbers are.  The twist is that each digit may be composed of several symbols.  The two symbols that we'll use are:
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 = 10

These symbols are added together, just like the Egyptian symbols are.  So if you wanted to write out any number that's LESS THAN 60, you'd simply pile up a bunch of symbols:
23 =
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32 =
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59 = 
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For numbers EQUAL TO, OR LARGER THAN, 60, we need to 'move over a space', just like we'd do in our Hindu-Arabic system.  In other words, the Babylonian system is a positional system, just our Hindu-Arabic system is.  Each digit is still added to all the others, after we've done the exponentiation / multiplication in order to get it's proper value.
This Place(
Is Worth(
12,960,000

216,000

3,600

60

1

Is Worth(
("Base 60")
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For example, if you wanted to represent 70, you'd write:
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(Make sure to put some space in between, in order to make it clear that they're not the same digit). 
This can be translated into our Hindu-Arabic system like so:

This Digit (
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Actually means(
1

+

10

Is Worth(
("Base 60")
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+
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·


Is Worth(

[image: image38.wmf]60

1

·


+
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10

·


60 

+
10

Total:

70

Thus, given the Babylonian number 
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, we could write it in expanded form as 
[image: image42.wmf]0

1

60

10

60

1

·

+

·

.  From this expanded form, we could then translate it into 70
Similarly, 133 can be written as: 
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This Digit (
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Actually means(
2

+

13

Is Worth(
("Base 60")
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[image: image57.wmf]60

2

·


+

[image: image58.wmf]1

13

·
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+
13

Total:

133
Thus, given the Babylonian number 
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, we could write it in expanded form as 
[image: image65.wmf]0
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·

.  From this expanded form, we could then translate it into 133.

Note: Based on several websites that I've looked at, it appears that this number system, which is presented in our textbook, may actually be a simplified version of the full Babylonian numbering system – the full version appears to contain 59 separate symbols for each possible digit (as opposed to what we're doing here, wherein each digit is composed of the one/ten symbols)


	28)  Given the following Babylonian number, write it in expanded form, then use that expanded form to figure out what the number is in Hindu-Arabic.
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  (this is just one digit)
This Digit (
Actually means(
Total:



	29)  Given the following number, write it in expanded form, then use that expanded form to figure out what the number is in Hindu-Arabic.  Note that if you have any questions about how many digits this is, please ask your instructor.  This is especially important if you're doing a problem like this on a quiz or exam, and you're not sure about how many digits there are
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Actually means(
+

Is Worth(
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+
+
Total:



	30)  Given the following number, write it in expanded form, then use that expanded form to figure out what the number is in Hindu-Arabic.  Note that if you have any questions about how many digits this is, please ask your instructor.  This is especially important if you're doing a problem like this on a quiz or exam, and you're not sure about how many digits there are
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This Digit (
Actually means(
+

Is Worth(
("Base 60")

+
Is Worth(
+
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Total:

  

	31)  Given the following number, write it in expanded form, then use that expanded form to figure out what the number is in Hindu-Arabic.  Note that if you have any questions about how many digits this is, please ask your instructor.  This is especially important if you're doing a problem like this on a quiz or exam, and you're not sure about how many digits there are
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  (notice that this is three digits)
This Digit(
Actually means(
+

+

Is Worth(
("Base 60")

+
+
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+
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+
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	Place-Value System: Babylonian Number System
Goal: Be : Be able to translate numbers written in our familiar Hindu-Arabic number system into Babylonian numbers (in base 60).

	Let's say that I've got a number, like 302, and you want to translate it from our familiar Hindu-Arabic system, into the Babylonian system of numbers.  How do we go about doing that?

What we want to know is what digit we have to place into each position in order to get a valid Babylonian number. 

This Position(
???

???

???

???

???

Is Worth(
12,960,000

216,000

3,600

60

1

Is Worth(
("Base 60")
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We do this by starting in the left-most position (the 'most significant' position, since it's got the largest number), and ask "How many times can this position's value go into the number?"

1. So with 301, we'd start by asking "How many times does 12,960,000 evenly go into 302?" 
Answer: No times, so we leave that position blank.
2. Next, we'd ask "How many times does 216,000 evenly go into 302?" 
Answer: No times, so we leave that position blank.
3. Next, we'd ask "How many times does 3,600 evenly go into 302?" 
Answer: No times, so we leave that position blank.
4. Next, we'd ask "How many times does 60 evenly go into 302?" 
Answer: Five times (5 x 60 = 300), so put the Babylonian digit for five there.  After doing so, we subtract that amount from our number.  (302 – 300 = 2)

This Position(

[image: image99.png]




 EMBED PBrush  [image: image100.png]




 EMBED PBrush  [image: image101.png]




 EMBED PBrush  [image: image102.png]




 EMBED PBrush  [image: image103.png]



???
Is Worth(
12,960,000

216,000

3,600

60

1

Is Worth(
("Base 60")
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Next, we'd ask "How many times does 1 evenly go into 2?" (Notice that we use the remaining part of our number, NOT the original!)

Answer: Twice, so we put the number two into this digit:

This Position(
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Is Worth(
12,960,000

216,000

3,600

60

1

Is Worth(
("Base 60")
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Finally, we can write out 302 in Babylonian:
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	32)  Given the following number, translate it into our familiar Hindu-Arabic system:
311

This Position(
Is Worth(
12,960,000

216,000

3,600

60

1

Is Worth(
("Base 60")
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Show your work here:
Write out your answer in expanded form (in Hindu-Arabic)
(Example: 
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,is written in expanded form as 
[image: image139.wmf]0
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	33)  Given the following number, translate it into our familiar Hindu-Arabic system:

3,727

This Position(
Is Worth(
12,960,000

216,000

3,600

60

1

Is Worth(
("Base 60")
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Show your work here:

Write out your answer in expanded form (in Hindu-Arabic)


	34)  Given the following number, translate it into our familiar Hindu-Arabic system:

7,398

This Position(
Is Worth(
12,960,000

216,000

3,600

60

1

Is Worth(
("Base 60")
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Show your work here:

Write out your answer in expanded form (in Hindu-Arabic)


	35)  Given the following number, translate it into our familiar Hindu-Arabic system:

12
This Position(
Is Worth(
12,960,000

216,000

3,600

60

1

Is Worth(
("Base 60")
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Show your work here:

Write out your answer in expanded form (in Hindu-Arabic)


	36)  Given the following number, translate it into our familiar Hindu-Arabic system:

663, 423
This Position(
Is Worth(
12,960,000

216,000

3,600

60

1

Is Worth(
("Base 60")
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Show your work here:

Write out your answer in expanded form (in Hindu-Arabic)


	37)  Given the following number, translate it into our familiar Hindu-Arabic system:

12,960,121
This Position(
Is Worth(
12,960,000

216,000

3,600

60

1

Is Worth(
("Base 60")
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Show your work here:

Write out your answer in expanded form (in Hindu-Arabic)


	Place-Value System: Different Bases
Goal: Be : Our familiar Hindu-Arabic system can be used to represent numbers in several different bases.  You should be able to apply what you've learned from the Babylonian number system to be able to convert numbers between different bases & our familiar, base-10 system.

	Our number system is called a base 10 system.  Notice that the value of each place can be expressed as 10 raised to an exponent (which then gets multiplied by the number in that place).

So 312 means:

This Place(
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For this number, we've got:
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We could just as easily have used a different base system.  For example, in the base 8 number system (also known as octal), each place has a value that's a power of 8.  Since we're writing these numbers out using our standard numerals, we need a way to both visually and verbally tell people that we're working in a different base.  Visually, we'll write the base, in words, below-and-to-the-right of the number.  So we'd write:

466eight
Verbally, we should actually say each number out loud, then follow it with "base eight".  So you'd say "four, one, zero, base eight"  (You would NOT say "4 hundred and ten, base eight", since that would be confusing)

So how do we figure out what the  base 10 value of 410eight  is?  We write the number in expanded form, then do the math to simplify it into a base 10 number:
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For this number, we've got:
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(Note that when we're working in base 10, we usually leave off the ten part, but in this case, it might be more clear to include it, just to make it clear that we're back in base 10)

	38)  Given the following number, write it in expanded form, then use that expanded form to figure out what the number is in base 10.  

128eight

This Digit(
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+

+
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("Base 8")

+
+
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+
+
+
+
Total:

   

	39)  Given the following number, write it in expanded form, then use that expanded form to figure out what the number is in base 10.  

821eight
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+

+
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("Base 8")

+
+
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+
+
+
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	40)  Given the following number, write it in expanded form, then use that expanded form to figure out what the number is in base 10.  

Notice that we've changed from base 8 to base 6
121six
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+
Total:

   

	41)  Given the following number, write it in expanded form, then use that expanded form to figure out what the number is in base 10.  

Notice that we've changed to base 6
135six
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+
Total:

   

	42)  Given the following number, translate from base 10 into base 8.  This works almost exactly the same as the method for converting from our Hindu-Arabic, base-10 numbers, in the Babylonian, base-60 numbers.  The major difference is that since we're translating into base 8, you'll divide the number by something that's a power of eight.
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Show your work here:

Write out your answer in expanded form (in base 10)


	43)  Given the following number, translate from base 10 into base 8.  This works almost exactly the same as the method for converting from our Hindu-Arabic, base-10 numbers, in the Babylonian, base-60 numbers.  The major difference is that since we're translating into base 8, you'll divide the number by something that's a power of eight.
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Show your work here:

Write out your answer in expanded form (in base 10)


	44)  Given the following number, translate from base 10 into base 8.  This works almost exactly the same as the method for converting from our Hindu-Arabic, base-10 numbers, in the Babylonian, base-60 numbers.  The major difference is that since we're translating into base 8, you'll divide the number by something that's a power of eight.
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Show your work here:

Write out your answer in expanded form (in base 10)
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