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Logic - Lecture 17
Statements
A statement is a declarative sentence (or part of a sentence) that is either true, or false, but not both true and false at the same time.
The truth value of the statement is either true or false, depending on whether it is or not.
· Note that we don't need to know what the truth value of a statement is, in order to know if it's a statement or not.
Example: At home, my pet dog is currently asleep.
· It's possible that we might have an open statement  - it's a statement, but there are variables left in the statement, so that it will be true in some cases, but not others.  As long as it's always true xor false, then it's still a statement

A compound statement is a statement composed of two statements, joined by a connective.

ICE: Identify statements

Converting sentences to symbolic form:

We want to be able to discover formal rules to determine whether a given statement is true or not.  

The rules don't depend on the specific statement, so if we can abbreviate the statements, we can focus more on the rules, and less on the specific statement.
Like most of the rest of math, we'll use letters as stand-ins for the things that change (
For example: 

"I'm hungry, and I’m tired"

is a compound statement, composed of "I'm hungry" and "I'm tired", connected by AND

In order to convert to symbolic form, we pick letters to stand in for each component statement

p: I'm hungry

q: I'm tired

and: the symbol for logical AND is 
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So the compound statement "I'm hungry, and I’m tired" (in sentence form) could be written in symbolic form as 

p: I'm hungry

q: I'm tired

p 
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q

Using p and q for this sort of thing is very common – thus the phrase Watch your p's and q's
Common connectives (and their symbols are summarized in the table on the following page)

Note that the connectives might not be written (in English) exactly as they show up in the table.

Symbols for connectives:
	Original Statement
	Connective
	Symbol
	Type of Compound Statement

	Not P
	Not
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The book lists this as:

~
	Negation

	P and Q
	And
	
[image: image4.wmf]Ù


	Conjunction

	P or Q
	Or
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	Disjunction

	If P then Q
	If … Then
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	Conditional

	P if and only if Q
	If and only if

(sometimes abbreviated as iff)
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sometimes also written as:
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	Biconditional

(sometimes called equivalence)


Note that we can 'pile these on'
I'm enthused, and I'm energetic, and I’m caffeinated

P: I'm enthused

Q: I'm energetic

R: I'm caffeinated

P 
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Q 
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I'm enthused, and I'm energetic, and I’m not caffeinated

P: I'm enthused

Q: I'm energetic

R: I'm caffeinated

P 
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Q 
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ICE: Convert sentences into symbolic form.
Truth Values of compound sentences
Say we're given a sentence, and we're asked to figure out if it's true or not.

If it's a compound statement, we can convert it into symbolic form, but where do we go from there?

	Original Statement
	Truth Value
	Example

	Not P
	Opposite of P
	P: It's hot
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P: It's not hot

If it really is hot, then P is true (and 
[image: image15.wmf]Ø

P is false).  



	P and Q
	True only if BOTH P and Q are true

False otherwise
	P: It's sunny outside

Q: There's gas in the lawnmower

I will mow the lawn if the following is true:

P 
[image: image16.wmf]Ù

Q

If it's simultaneously sunny outside, and there's gasoline in the lawn mower, then P 
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Q is true. 

 
If it's sunny but there's no gasoline, or there's gasoline but it's raining, or it's raining and there's no gasoline, then P 
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Q is false.



	P or Q
	True if either P or Q is true

False ONLY if both are false
	P: Godzilla is attacking Seattle

Q: A hurricane has hit Seattle

The National Guard will be deployed to Seattle if the following is true:

P 
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Q

If Godzilla is attacking Seattle (regardless of any hurricanes), then P 
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Q is true, and the National Guard will be deployed.

If A hurricane has hit Seattle (regardless of Godzilla), then P 
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Q is true, and the National Guard will be deployed.

If Godzilla attacks Seattle during a hurricane, then P 
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Q is true, and the National Guard will definitely be deployed.

If there's no Godzilla, and there's no hurricanes, then the National Guard will not need to be deployed.




Given multiple connectives in the same sentence, you start with the connective at the TOP of the table first.
Example:

Given the following sentence (containing a compound statement), convert it into symbolic form, then evaluate the symbolic statement, and say whether the whole statement is true or not.  If the following statement is true, then Bob will mow his lawn.

Statement: It's sunny outside, and there's gasoline in the lawnmower

Given: It's sunny outside, but there's no gasoline in the mower.

Convert to symbolic form:

P: It's sunny outside
Q: There's gas in the lawnmower
Bob will mow the lawn if the following is true:
P 
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Q
We know that P is true, but that Q is not true, therefore the overall statement is not true.  Therefore, Bob will NOT mow his lawn.
A more complicated example:
P: It's rainy outside
Q: There's gas in the lawnmower
R: Bob can borrow his neighbor's ride-on mower.

Bob will mow the lawn if the following is true:

[image: image24.wmf]Ø

P 
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Q 
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( In other words, Bob mow the lawn if it's not rainy and there's gas in the mower ; he will also mow the lawn (rain or shine, with or without gasoline) if he can borrow his friends' ride-on lawnmower.
ICE: Go over the above examples, then have them do some

Truth Tables
Say we're given a complex, compound statement, and asked to figure out whether it's true or not.
Clearly, the truth value of the whole expression will depend on the truth values of the individual, component statements.

If want a way of seeing overall trends clearly, and/or we want to figure out what the answers will be (given certain inputs), we can use a truth table, which is an organized way of enumerating (listing) all possible results, given all possible inputs.

For example, we have the following truth tables, as defined in the "truth value" table:

	Truth Table: Negation

	If P is:
	Then 
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P is:

	True
	False

	False
	True


	Truth Table: Conjunction

	If P is:
	And Q is:
	Then P 
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Q is:

	True
	True
	True

	True
	False
	False

	False
	True
	False

	False
	False
	False


	Truth Table: Disjunction

	If P is:
	And Q is:
	Then P 
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Q is:

	True
	True
	True

	True
	False
	True

	False
	True
	True

	False
	False
	False


How to construct a truth table:
You'll be given some number of inputs (usually just p and q), and you need to list all possible combinations of p and q.

The number of rows in the table will be 
[image: image30.wmf]N

2

, where N is the number of inputs (in this case, just 2 – p and q)

Put a column in for each input:

	Truth Table: Disjunction

	P
	Q
	

	
	
	

	
	
	

	
	
	

	
	
	


Start with the leftmost column.  For the first half of the rows, write in "true".  For the second half, write "false"

	Truth Table: Disjunction

	P
	Q
	

	True
	
	

	True
	
	

	False
	
	

	False
	
	


Move over a column.  For the first half of the "true" rows in column one, write (into the second column) "false"

	Truth Table: Disjunction

	P
	Q
	

	True
	True
	

	True
	False
	

	False
	
	

	False
	
	


Repeat this for the second half of the rows in the first column:

	Truth Table: Disjunction

	P
	Q
	

	True
	True
	

	True
	False
	

	False
	True
	

	False
	False
	


If you have more inputs, you can repeat this – move over a column, then fill in ½ w/ True, ½ w/ false.

How to use a truth table:

Now we're looking at the interesting part: given the expression, how do we figure out what the truth value of each row is?

We add columns to the right to keep track of what we're doing – each column is one component statement.  

Remember that we do stuff in parentheses first, then NOT, then AND, and lastly, OR

(
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Equivalent Statements
Two statements are equivalent if, for every possible combination of inputs, they produce the same output.

In truth table terms, this means that the 'final result column' of both tables are identical.
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