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§6.5 – Unit Circle ; Trig Function Properties
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There are several goals for this section:
1. To develop a mathematically rigorous defintion of the trig
functions

2. To develop an intuitive model for figuring out what the trig
functions look like

3. To review the 'general angles' stuff from §6.4

Up till now, we've been viewing the trig functions as ratios of the
sides of triangles (which they are).  From here, though, we want to focus more on the θ parameter, and thus view them as functions.   
In particular, we're aiming to graph these as functions on an (X,Y) graph.  
Wherein we'll see that the trig functions have regular, repeating structure.
The only problem with viewing them as functions is that (technically) the θ parameter is in either degrees, or radians.  In order to be a general-purpose mathematical functions, (and in order to be mathematically rigorous) we need to set this up so that can feed these functions real numbers, instead.

We're going to use a unit circle to do this.
(Unit circle: circle with a radius of 1, whose center is at the origin)
· If we measure angles in radians, on the unit circle, we notice that since r = 1, the real number that we're given translates directly into radians (no need to scale up/down to reflect the fact that we're using an oddly sized circle).  

· So, given a real number t, we can get P = (a,b) (in (x,y) coordinates), which is the point on the unit circle that corresponds to an angle that's t radians.
· The important thing here is that we've got a real number, and a way of translating it into a point on the unit circle.

Since we've got an (x,y) coordinate, we can now go back to our triangle-based definition of the trig functions:
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Cosecant: 
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HOWEVER, since we cleverly chose a unit circle, and since we're drawing out triangles such that the hypotenuse is the radius (which is 1), we get:
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Cosecant:
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 Secant: 
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 Cotangent: 
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Note: This means that Sine is essentially the y part of the triangle that we're drawing, and Cosine is the x part of the triangle that we're drawing.
Emphasize the two special triangles as a way of remembering all the different angles:
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Worksheet: Let's do some review of this.  
Note that mechanically, this is exactly what we did for the 'general angles' stuff last section.  
Domain, Range of Trig Functions
Here's where the unit circle approach to trig really shines (
Since we've (re)defined our trig functions in terms of the unit circle, we can now look at the domain & range of each of the trig functions.
(Sketch this out on a big circle, on the board)
Let's look at sine, on the unit circle:
Sin 0° = 0 (there is no Y component)
Sin 30° = 
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Sin 45° = 
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Sin 60° = 
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Sin 90° = 1 
(Notice that we're essentially drawing a "triangle" that's completely flat.  It's a bit hard to visualize using the acute triangle stuff, but using our definition using the unit circle, it's clear that the Y component of the line is as long as the radius (in other words, 1)
Sin 120° = Sine of the reference angle, 60°, so therefore = Sin 60° = 
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Sin 135° = Sine of the reference angle, 45° ; Sin 45° = 
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Sin 150° = Sine of the reference angle, 30° ; Sin 30° = 
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Sin 180° = 0
(Again, we're looking at a 'flat' triangle here, but the unit circle definition tells us that since there is no 'Y' component, so the answer is 0)

(After this point, the trig ratio is refering to angles below the x axis, so the y component is negative, and therefore all our results are negative, too)

Sin 210° = 
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 (same as ref. angle 30°, neg. sign since angle's term. side  is below x axis)

Sin 225° = 
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 (same as ref. angle 45°, neg. sign since angle's term. side  is below x axis)

Sin 240° = 
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(same as ref. angle 60°, neg. sign since angle's term. side  is below x axis)

Sin 270° = -1 (same reasoning as for 90°, except that it's straight down) 
 Sin 300° =
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(same as ref. angle 60°, neg. sign since angle's term. side  is below x axis)

Sin 315° = 
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 (same as ref. angle 45°, neg. sign since angle's term. side  is below x axis)

Sin 330° =  
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 (same as ref. angle 30°, neg. sign since angle's term. side  is below x axis)

Sin 360° = 0 (same reasoning as for 0°, since these two angles are co terminal) 

From here, we can see a couple of things:

First, from here on out, the value of the Sine function will repeat (every new angle we might choose is coterminal with one we've already looked at, or could have looked at)

Therefore, the complete range (possible values produced by the function) can be read off the picture.

By inspection, the smallest value is -1, and the largest value is +1.  Therefore, the range is -1 to +1, inclusive at both ends.  (written as [-1, +1] )
The domain (numbers that we can choose from, as inputs) are all real numbers (once we use the unit circle trick so that we can get from the real number N, to the radian N, as a parameter to the trig function)

Similarly with the Cos function.

Worksheet: Practice this by filling in a circle for Sin, Cos, Csc, and Tan.

Note that for Csc, we'll have some places whereat the function isn't defined, since we're trying to divide something by zero.

Similarly for the Tan function.

Periodic Properties of Trig functions
Having sketched out the various trig functions (as functions of real numbers, using the unit circle), we notice that in exactly the same way as trig functions for general angles can be reduced to reference angles, we can reduce many given rotations on the circle to similar, 'reference angles' here.

In particular, we notice that for any given θ, θ + 2π will give us the same result, for Sin/Cos (since a full rotation about a circle is 2π radians, and we're using radians).  
Since Tan/Cot are composed of Sin/Cos, the period for them is just π.

Even-Odd Properties of Trig functions
Draw a unit circle, with P = (a,b) on it, which is where we get to for θ.  

Then draw the arc for –θ, and P' = (a, -b).

Going back to the various definitions, we see that (for example)

If Sinθ = b, then Sin-θ = -b ( Sin –θ = - ( Sin θ ), which gets us our first mini-proof, below
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