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Forms of quadratic functions:

General form

General Standard (completed square)

f()=ax*+bx+c fGO =alx—h)?*+k i
vertex: (h, k)
Axis of symmetry: x = h

b
h=-— > or just complete the square

k=fh

a>0
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o Example: P. 312 #48
~
Sketch the graph of f(x) = —3x% + 6x + 2. (\>,,.}~ " %&‘Qw&a«i %bfvv]
List and draw the vertex, axis of symmetry, and_in’tgfgp_t_s_

Putin the form f(x) = a(x ~h)? +k

_ b L -1
T2 T 03 T

o 2irl =5
k== §C = ~3.TE G| H = TR

Axis of symmetry: X= { X= \/\
Y-intercept: X = —FC¢) !

X-intercepts: solve \{ =, _g‘(\‘s = O
N ~-3 Q)(~|3 = ‘F‘S—'

«,5) ~3Cx—1) =)
N 5
QC'“(\ + 3
5
x-t= & "\ 3
s
K= £\3
=y a
(+13 LYz
27 0= 7
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Example: P. 312 #48

Sketch the graph of f(x) = —3x? + 6x + 2.

List and draw the vertex, axis of symmetry, and intercepts
Putin the form f(x) = a(x —h)? +k

b 6 6

2a —ﬁ =
k=f)=f(1)=-3(1)2+6(1)+2=-3+6+2=5
Standard form: f(x) = =3(x —1)2+5

Vertex: (1,5)

Axis of symmetry: x = 1

Y-intercept: £{0) = 2

X-intercepts: solve f(x) = 0

fFlx)==-3(x-1)2+5=0

—3(x—1)2 =5

(x—l)zzg

o

x-1==% |z

w

5
x=1% (=

w
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POLYNOMIALS

* Domain

s Factors, zeroes, multiplicity

e Power functions and end behavior
e Graphing polynomials

Degree | Example Form Graph
0 f(x)=3 fx) =ay Horizontal line
1 flx)=2x—-1 fxX)=ayx+ay Line
2 f(x)=-3x*+6x+2 fx) = azx? + ayx + aq Parabola

Or

fG)=ax*+bx+c

3 FO)=x3+2x% -1 Fx) = ax® + a,x° + ayx +aq
n FOY=x3 =263+ 11 | f(0) = anx™ + -+ agx® + apx® + ayx

35" +ag

Only non-negative integer powers of x can appear

The degree n is the highest power that appears (with non-zero coefficient.) The coefficients are
ag, a1, -, Gy

P.33012, 14, 18, 20, 22

Polynomial? Degree?

12 F(x) - 5%+ 4y NES H

'

14, h(x) =3 - - x* NEQ 1

6 /() =xx -1 xyx & o

18 h(x) = VI(Vx - 1) ;\m“ I KO

X =Y K7 =
X :H,)‘f‘[?'),
T e BT NO
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What is the domain of any polynomial function? All real numbers! (—co, c0).

tr=2.2.3
POLYNOMIALS: Factors, zeros {roots) and MULTIPLICITY

Example: g(x) = x2 — x — 2 is a polynomial of degree Q

Factor: g(x) = (x —2)(x + 1) Fl'lGhV&l 'CO [

The factors of g(x) are (x — 2) and (x + 1)

vodls
e’

The zeros or roots of g(x) are 2 and -1, because g(2) = 0 and g(—1) = 0.
oAt

If g(x)is a polynomial, then these are equivalent statements:

gir)=0 ris a zero of g(x) r is an x-intercept of (x —r) is a factor of
oo the graph of g(x) g(x)
Example: f(x) = x3 4+ 2x* +x Cﬁlﬁ\&c : 3

Factor: f(x) = x(x?+2x + 1) = x(x + 1= ¥ ( x4 X+ )
Zeros of f(x) are: -1 and 0 {why?) (&- 2_§ ( X '(;l)> ( X '(:_'3)

Factors of f(x) are x and (x + 1)

The multiplicity of the zero-1is 2.

The multiplicity of a root r is the exponent that appears with the factor (x — r).
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Now graph f(x)

46 Function Grapher and Calculatar - Windo

(]S LI

6/21

I
P ) [Q Funm;%nGrapher and Calculator

H—

_I Description :: All Functions

Function Grapher and Caleulator © gy Variable: [ X |

Math Menu =
Number & Y L

KAIH2XA2+X ]

piot ) ("calculate )

Algebra y= |
Shape, Space & ||

(
C

piot ~=)-{-calculate )

Measuyre:

“ Handling Data
Puzzles

Ay

Puzzies & 3
Quizzes :

11 Calculators

Other Bits
Math Forum
Caontact Us
About Us

, | 1YY U
Calculators 0
’ p:to\é_eﬂ M H‘ OJA

20
.‘,‘o\ W*
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Privacy 10 -5
Statement
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Contribute item
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i

[ € Internet | Protected Mode: On
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Multiplicity of r is EVEN

Multiplicity of r is ODD

Graph of f(x) touches but does not cross the x-
axis atr

Graph of f(x) crosses the x-axis at

f(x) does not change sign at r

f{(x) changes sign at r
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F(x) = x3 + 2x% + x has degree 3
Factored: f(x) = x(x + D’ = ()(x + D+ 1)
This polynomial is completely factored: degree 3, and there are 3 factors, each of degree 1.

T
Not ali polynomials can be completely factored — using real numbers.
Example: f(x) = (x — 2)(x% + 1) is of degree 3 but has only one real root: x = 2.

St ve—

LY ! .
Does it have any non-reaf roots? FG.C'\) v X+ ] = (¢ ~L§ (1-}()
\- -
X+1=20

L
-
i\"‘i = xcC

It turns out that all polynomials CAN be factored using complex numbers.

1

X

(but we’re not going to go further on this topic).
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"" P. 331 #40 Construct a polynomial of degree 3 with zeroes -4, 0, 2 Cis c.2Cv0

L6y = ) (r=2) X deguee 3. (3 =) fechor

P. 331 #44 Construct a polynomial of degree 3 with zeroes -2 (multiplicity 2) and 4

£y = Qs—l)z (x-+)

Factor f(x) =X Z¥2(x2 — 4)(x — 5) as far as possible. What are the zeroes of f(x)?
A%me 5 —Xi(/x"-q\ (x—S)
Ed'w'ujt XL= XX - x"
=(X —OXX"OL \)@
(x*4) S(x-2)(x+2)
=x-)( K’(‘Lﬂ
s

o) (¥ -o\(x -2) (¥ -(,-’l-ﬂ (x -S'\

2 -7, + 5

£ Lx\_;:&-

Zewes . O
amwll 2
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END-BEHAVIOR ¥ - w x -—) c—m
Example: graph f(x) = x% + 2x? + 1and g(x) = x°

indows Internet Explorer

@ Function Grapher and Calcufator - W

G0 - Bommimarn

£y e

R *Q Function Grapherand Calculator L
iSearch :

Bescription :: All Functions -

Function Grapher end Calculator o) variable: [ X |
Nra“‘ :e"“ y=| XA3+2xA 241 | (Pt} featcutate } [
sﬁe—:—@s e y=| x43 | ( Plot ) .;calcume} ‘\
GURE) '

Measures 1 ZM out 2X7 }{ Out 10X H Reset ‘- B - tink: |
Gepmetry Gk " { . J .__-_u _A oze Eljnk
Y ‘

Handling Data

Puzzies
Puzzles & - &
] Quizzes

3 2
Calcutators 2% %
11 Calculaters x ‘2"
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Math Forum
Contact Us
About Us &
Privacy -1 5 5 1
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3
X
|

. .
- -
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TEACKERS I B b e

1.

[N 7% €® Intemet | Protected Mode: On ®100% ~

Behavior for large positive and large negative values of x (“end behavior”) is determined by the behavior
of the term with the largest exponent

What is the end behavior of

Pt
fx) w flx) = —x%
even even
X =%
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fx)=—-x3 Flx) =2x5

ook
- X

End behavior of f(x) = ax™ (this is called a power function)

nis even N is odd
a>0 x = 0o, f(x) = o0 x = o0, f(x) =
x = =00, f(x) > x = —oo, f(x) » —o0
a<0 x>, f(x) > —x» x =0, f(x) > -
x = —00, f(x) > —0 x = ~0,f(x) >
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TRANSFORMATIONS OF POWER FUNCTIONS

P.331#32 f(x) = (x+2)*-3
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Graphing polynomials
P.331#48 f(x) = 2(x — 3)(x + 4)3

a. Factor as far as possible and find x-intercepts (zeroes).

b. Find how the graph behaves for each zero

Zero Multiplicity N Behavior
3 1 odcA CroSSeS Ycxis
-4 3 CvosSeS ¥ax'S
c. Find the degree and determine the end behavior desﬂg ¢ a.'

Approach: we only care about the term of the highest power

fx) =2(x~3)(x +§ =2(x =3+ ) =2x +

So f(x) behaves like \- /

7’ LV\'\QVC C X=0o
£z 2-C() = 66
= -38Y

P
——

8

i
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P. 331476 F(x) = (x — 2)2(x + 2)(x + 4) a\mlj —Qd-wdo

Degree
x-intercepts and o] J“AGS [bbvmj P2
behavior -2 %“,6\4\

- \-' -\'\/wgu ﬂ\ﬂ

y-intercept .(‘Cu\: Q’—)L('L\(q\ =32 \

Graph f with a utility | See next page

Find local maxima Minima: x=-3.19, f(x)=-25.96 . N d"&"t
and minima x=2, y=0 gv \(\D E\Ml . S X I;‘t

Maxima: x=-0.31, y=33.27

1~

Graph by hand

7
)

et
[
]
N
NS

Range

Increasing

Decreasing
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@ Function Grapher and Calculator - Windows Internet Explorer
P
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RATIONAL FUNCTION

p(

Is the ratio of 2 pol ials: R =
s the ratio of 2 polynomials: R(x) prony

e Domain

* Revisiting f(x) = %
e End-behavior

* Asymptotes

e Graphing

DOMAIN

The domain of a polynomial function is (—oo, 00),
P,

What is the domain of a rational function R(x) = prot

What can “go wrong?”

The domain of R(x) = p(x) |s {x: q(x) # 0} - that is, denominator # 0

P. 344 #14: What is the domam of G(x) = m

Ts His @ veboncd £y N3S _

3 %‘2,3 =6 dt’jn! (o) i(.X) '—‘({*.32‘()(;_43
0=10x) =(x 3D (x-4) ¥=-3,%=4

'DDW\‘-\\« i X" )(#_3 x#q}

What is the domain of F(x) = Xt =y )(+ \
()= @) s’( -

tx - K"-I (y',
Domaim: Q X @ )‘4’" X’”—S

:\'\AKLMM. Fo = Erryty- :S @

&

+\

15/21
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Revisiting f(x) = i

Domain?

Range?

Intercepts?

Even / odd?

Graph f(x) = iz

X

Domain?

Range?

Intercepts?

Even/ odd?
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Graph f(x) = %

X

Domain?

Range?

Intercepts?

Even / odd?
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P.345 434

-2
(x+2)2

Graph g(x) =
Transformation
Starting function?

What transformations?

18/21
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ASYMPTOTES

Vertical asymptotes

R(x) = 52—2 If g(c) = 0 and p(c) # O then the graph has a vertical asymptote x = ¢ (see example

above).

ALSO, if g(c) = 0 and p(c) = 0, the graph MAY have a vertical asymptote. Remove the common
factor(s) from both numerator and denominator, and evaluate the result for x = c.

Examples
F(x) = =gq(-1=
Find common factors:
x+1 _ x+1 _ P -1
1 GiDe-1  x-1 0%

. 1 1
Evaluatethisatx = —-1: — = — -

-1-1 2

1
Outcome:F (x) behaves Iike; except at x = —1, where it is not defined {has a “hole”)

Domain of F(x)?

Range?

unction: and Calout rindse Intern e e i .
ﬂ?u&mw:\imwghnwmm [

i
G B st oy o gegherphy o 5 e e B

E A | Fanston Gphes and Cacotter B Y S T
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ot wens |y T | o
‘Hackra ya ] (ot
Shage,Soace & ™ N
‘Meanges {zoomis{_mzx ouezourox 1{_Resst 1) (TR URL J{Forum )
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: o
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il other gus
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x+2
Example: G(x) = ﬁ

p(=2)=q(-2)=0

x+2) (x+2) 1

taxt+2 E+DE+2) x+2

This is not defined for x = —2. But as x = —2, the denominator approaches 0 while the numerator does
NOT approach 0.

In this case, there is indeed an asymptote x = ~2
Domain?
Range?

Which way does the graph “go” near an asymptote? Look at the sign!

g
5

‘ Sign of
Sign of \ 1/(x+2)?
1/(x+2)? \ q
AN
R

o
©

——
[ VRN

-
S

4
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Horizontal asymptotes

» Ifthe numerator p(x) has lower degree than the denominator q(x), then the line y = 0 (the x-axis)
is a horizontal asymptote
(x+2)

Example: G(x) = PP

{previous example) — numerator degree is denominator degree is

* If the numerator and denominator have equal degree, say 7, then there is a horizontal asymptote
coefficient of x™ in p(x)
coefficient of x™ in q(x)

y =cwhereC =

Example: G(x) = then both p and q have degree 2.

2x2
x%+4x+2
c= % = 2 s0y = 2 is a horizontal asymptote
No horizontal asymptotes

e If the numerator has degree greater than the numerator, then the graph has no horizontal
asymptote. To determine the “end-behavior” for large positive and negative x, find the ratio of the
highest-degree terms in numerator and denominator

—x3+3x+5
Example: R(x) = a1
- - 2
Ratio of highest-degree terms: > =—X

The “end behavior” will be similar to f(x) = —x?, a parabola opening down.

(-x~3+3x+5)/(x+1)

40
40

LoTe
it

15 -10 5 \ 10 15

)

/

N

®» &
D (=]

D
D

~
iR
q

M




